THE INTEGRAL PONTRJAGIN HOMOLOGY OF THE BASED LOOP SPACE ON A 

FLAG MANIFOLD 



JELENA GRBIC AND SVJETLANA TERZIC 

Abstract. The based loop space homology of a special family of homogeneous spaces, flag man- 
ifolds of connected compact Lie groups is studied. First, the rational homology of the based loop 
space on a complete flag manifold is calculated together with its Pontrjagin structure. Second, it is 
shown that the integral homology of the based loop space on a flag manifold is torsion free. This 
results in a description of the integral homology. In addition, the integral Pontrjagin structure is 
determined. 
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1. Introduction 

A complete flag manifold of a compact connected Lie group G is a homogeneous space G/T, 
where T is a maximal torus in G. In this paper we study the integral Pontrjagin homology of the 
based loop space on a complete flag manifold G/T. 

Compact homogeneous spaces, in particular, flag manifolds play a significant role in many areas 
of physics and mathematics, such as theory of characteristic classes of fibre bundles, representation 
theory, string topology and quantum physics. Still there are only few homogeneous spaces for 
which the integral homology ring of their based loop spaces is known. Some of them are classical 
simple Lie groups, spheres, and complex projective spaces. 

The motivation for our study comes from Borel's work [2J in which he described the family of 
compact homogeneous spaces whose cohomology ring is torsion free. In particular, homogeneous 



2000 Mathematics Subject Classification. Primary 57T20, 55P62 Secondary 55P35, 57T35. 
Key words and phrases. Pontrjagin homology ring, flag manifolds, Sullivan minimal model. 

1 



spaces G/U where rank G = rank U stand out as homogeneous spaces which behave nicely 
under application of algebraic topological techniques. In this case Sullivan minimal model theory 
together with the Milnor-Moore theorem can be employed to calculate the rational homology ring 
of their based loop spaces. As one of the main results of our paper (see Theorem 12. II) we prove 
that the homology of the based loop space on a complete flag manifold is torsion free. 

Furthermore, we explicitly calculate the integral Pontrjagin homology ring of the loop spaces 
on the complete flag manifolds of simple compact Lie groups SU{n + 1), Sp{n), S0{2n + 1), 
S0{2n) ,G2,Fi and Eq (see Theorems |4T1 14:211014:41 1431 14:61 14:7]) . 

It is a classical result (see for example f3\, or fSl]) that the homology of the e-connected compo- 
nent HqG of the loop space on G is torsion free for any compact connected Lie group G. Thus by 
the use of rational calculations, we show that there is a split extension of algebras 

1 H,{QoG] Z) H,{Q{G/T)- Z) H,{T- Z) 1 

and describe the integral Pontrjagin ring structure on r2(G/T) for a simple compact Lie group G. 

Throughout the paper, the loop space on a topological space will mean a based loop space. 

Acknowledgements. The authors would like to take this opportunity to thank Professor Ralph 
Cohen for his helpful suggestions and kind encouragement. 

2. Torsion in the homology of loop spaces 

We start by recalling some well known facts about the (co)homology of classical simple compact 
Lie groups and their based loop spaces (see for example [lOJ). It is a classical result that for any 
compact connected Lie group G of rank n, 

H*{G; Q) ^ A(zi, ...,zn), H^noG; Q) ^ Q[6i, . . . , 6 J 

where deg(zj) = 2ki — 1 and deg(6j) = 2ki — 2 for I < i < n, and ki are the exponents of the 
group G. For simple compact Lie groups, these exponents are established. 

For G = SU{n + 1) or G = Sp{n), the integral homology of G and VlG is torsion free and it is 
given by 

H\G- Z) = A(xi, . . . , a;„), H,{nG- Z) = Z[yi, . . . , 
where deg(a;i) = 2ki — 1, and deg(|/j) = 2ki — 2 for 1 < i < n. Under the rationalisation the 
integral generators xi, . . . , x„ and . . . , ?/„ are mapped onto the rational generators zi, . . . ,Zn 
and bi, . . . ,bn, respectively. 

For G = S0{2n + 1) or G = S0{2n), the integral homology of G and QG has 2-torsion. 

Borel [2, Proposition 29.1] proved that the homology of a flag manifold G/T is torsion free for 
the classical Lie groups G and for G = G2 or F^. Using Morse theory, it is proved in p] that this 
is true for any compact connected Lie group. 

Our first result states that the complete flag manifold of a compact connected Lie group behaves 
nicely with respect to the loop space homology functor. 

Theorem 2.1. The homology of the based loop space on the complete flag manifold of a compact 
connected Lie group is torsion free. 

We will first show that to prove the theorem it is enough to consider the case when G is a simple, 
compact Lie group. 

Proposition 2.2. The loop space on the flag manifold of a compact, connected Lie group G de- 
composes into a product of the loop spaces on flag manifolds of simple, compact Lie groups. 
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Proof. It is a classical result (see Onishchik |II3) that a compact connected Lie group G can be 
decomposed into a locally direct product of connected simple normal subgroups. That is, G = 
Gi - ■ ■ Gk, where Gi is a simple, connected Lie group or a torus, I < i < k, such that 

dimG,n(G'i---G',_i-G',+i---G'fc) = 0. 

Let G he Gi X . . . X Gk and p: G ^ G defined by p{gi, ■ ■ ■ ,gk) = 9i - ■ ■ 9k- Since Kerp = 
Uj'LiGj n {Gi ■ ■ ■ Gi - ■ ■ Gk), we obtain that Kerp is discrete or in other words p: G ^ G is a 
covering. Thus Kerp is contained in the center Z(G) of G. Let T = Ti x . . . x be a maximal 
torus in G, where Tj is a maximal torus in Gi for 1 < i < k. Then Kerp C T and therefore 

Gi/Ti X . . . X Gk/Tk = G/T = [G/ Ker p)/T = G/T. 

Hence 

fi(G/T) ^ fi(Gi/Ti) X ... X ^{Gk/Tk). 

□ 

Proof of Theorem \2. 1\ Let G be a compact connected Lie group and T its maximal torus. We 
have that the complete flag manifold G/T for any compact connected Lie group G is homeomor- 
phic to the complete flag manifold G/T of its universal cover G. Therefore, we may assume G 
to be simply connected. For G simply connected, it is classical result (see for example [fT3ll ) that 
Vl{G/T) has the same homotopy type as Vt{G) x T. To verify this notice that related to the prin- 
cipal fibration as topological spaces. For G a simple, compact, simply connected Lie group, it is 
a classical result that the integral homology of VlG is torsion free. Now using splitting (??), we 
conclude that the homology of Vl{G/T) is torsion free in this case. The statement of the theorem 
now follows readily from Proposition [2]2l □ 

3. Rational homology 

In this section we calculate the rational homology ring of the loop space on a flag manifold by 
looking separately at each simple Lie group. 

To calculate the rational homology of the based loop space on a complete flag manifold of a 
classical simple Lie group we will apply Sullivan minimal model theory. Let us start by recalling 
the key constructions and setting the notation related to the Sullivan minimal model and rational 
homology of loop spaces which we are going to use in the subsequent sections. 

3.1. Rational homology of loop spaces. Let M be a simply connected topological space with 
the rational homology of finite type. Let jj, = (AV, d) be a Sullivan minimal model for M. Then 
d : V — > A-'^V can be decomposed as d = di + d2 + - ■ ■ , where di : V — > A-'^^^V. In particular, 
di is called the quadratic part of the differential d. 

The homotopy Lie algebra £ of is defined in the following way. Define a graded vector space 
L by requiring that 

sL = Hom( V, Q) 

where as usual the suspension sL is defined by {sL)i = We can define a pairing ( ; ) : V x 

sL — > Q by (t>; sx) = {—iy'^^'"sx{v) and extend it to {k + l)-linear maps 

A^V X sLx---x sL — ^ Q 
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by letting 

(wi A ■ ■ ■ A Vk, sxk, sxi) = e^{va(i); sxi) ■ ■ ■ {v„{^k)\ sxk) 

where Sk is the symmetric group on k letters and t'o-(i) A ■ ■ -AVa-^k) = ^^vi A ■ • • Af^. It is important 
to notice that L inherits a Lie bracket [ , ] : L x L — > L from di uniquely determined by 

(1) {v;s[x,y]) = {-lf''^y+\div;sx,sy) for x,y E L,v e V. 

Denote by C the Lie algebra (L, [ , ]). 

Recall that the graded Lie algebra Lm = {Tr^{QM) eg) Q; [ , ]) is called the rational homotopy Lie 
algebra of M. The commutator [ , ] is given by the Samelson product. There is an isomorphism 
between the rational homotopy Lie algebra Lm and the homotopy Lie algebra C of fi. Using the 
theorem in the Appendix of Milnor and Moore flU, it follows that 

H,{mL- Q)^UC 

where UC is the universal enveloping algebra for C Further on, 

UC - T{L)/{xy - (-l)d<=g-dcg,^^ _ ^^^y^y 

For a more detailed account of this construction see for example [7], Chapters 12 and 16. 
As the notion of formality will be important for our calculation we recall it here. 

Definition 3.1. A commutative cochain algebra {A,d) satisfying H^{A) = Q is formal if it is 
weakly equivalent to the cochain algebra {H(A), 0). 

Thus {A, d) and a path connected topological space X are formal if and only if their minimal 
Sullivan models can be computed directly from their cohomology algebras. 

Remark 3.2. There are some known cases of topological spaces for which a minimal model can be 
explicitly computed and formality proved. Some of them, that are important for us in this work, 
are the spaces that have so called "good cohomology" in terminology of UJ. Namely, topological 
space X is said to have good cohomology if 

iJ*(X;Q) = Q[ui,...,u„]/(Pi,...,Pfc) 

where the polynomials Pi, . . . , form the regular sequence in Q[mi, . . . , m„], or in other words, 
the ideal (Pi, . . . , P^) is a Borel ideal in Q[mi, . . . , In this case Bousfield and Gugenheim jll 
proved that the minimal model of X is given by 

fj,{X) = Q[ui, . . . , M„] (g) A(f 1, ...,Vk) 

where deg{vi) = deg(Pj) — 1 for 1 < i < A;, and the differential d is given by 

d{ui) = 0, d{vj) = Pj. 

3.2. The loop space on a complete flag manifold. In this section we calculate the rational ho- 
mology of the loop space on the complete flag manifold of a simple Lie group. 

Recall from Borel [2, Section 26] that the rational (as well as integral) cohomology of SU {n + 
1)/T" is the polynomial algebra onn + 1 variables of degree 2 quotient out by the ideal generated 
by the symmetric functions in these variables 

H*{SU{n + 1)/T"; Q) = QK, . . . , . . . , 

It is important to note that the ideal (^^(mi, . . . , m„+i)) is a Borel ideal. As a consequence, by 
Remark [3]2l SU{n + 1)/T" is formal. Thus the minimal model for SU (n + 1)/T" is the minimal 
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model for the commutative differential graded algebra {H*{M;Q),d = 0) and it is given by 
/i = {AV, d), where 

V = {Ui, ...,Un,Vi,.. .,Vn) 

and deg('Ufc) = 2, deg{vk) = 2k + 1 for 1 < k < n. 
The differential d is defined by 

k+l 

(2) d{u,)=0, d(^;,) = ^«^^+l + (-l)'=+M^«/ 

i=l \ i=l 

It is easy to see that the quasi isomorphism / : = {AV^ d) — > {H*{M; Q), = 0) is given by 
the following rule 

Ui I— >■ Ui, f j I— > for 1 < i < n. 

Theorem 3.1. The rational homology ring of the loop space on the flag manifold SU{n + 1)/T" 
is 

(3) H,{Q{SU{n + l)/T'');Q) = 

(T(ai, . . .,an)/ {al = a^aq + a^Op \ l < k,p,q < n,p ^ q)) ® Q[62, 

where the generators ai are of degree Ifor 1 < i < n, and the generators bk are of degree 2k for 
2<k<n. 

Proof. The underlying vector space of the homotopy Lie algebra £ of /i is given by 

L = (ai, . . . ,a„,6i, . . . , 6„) 

where deg(afc) = 1, deg{bk) = 2k for 1 < k < n. 

In order to define Lie brackets we need the quadratic part di of the differential in the minimal 
model. In this case, using the differential d defined in the quadratic part di is given by 

n 

di{ui) = for 1 < / < n, di{vi) = 2 + 2 ^MjWj, d\{vk) = for A; 7^ 1. 

i=l i<j 

For dimensional reasons, we have 

[ttk, k] = [bk, bi] = for 1 < fc, / < n. 
By the defining property of the Lie bracket stated in ([T]), we have 

{vi, s[ak,ak]) = (^^u^ + 2^UiUj; sak,sak^ = 2{ul; sat, sat) = 4 and 

{vi, s[ak, ai]) = 2{ukUi; sau, sai) = 2for k ^ I 
resulting in the commutators 

[ofc, ai] = 2bi fork^l, and [a^, a^] = 46i. 

Therefore in the tensor algebra T(ai, . . . , a„, 61, . . . , 6„), the Lie brackets above induce the follow- 
ing relations 

a^ai + aittk = 2bi for 1 < k,l < n,k ^ I, 
al = 2bi fori <k<n, 

ttkbi = bittk for 1 < k,l < n, 

bkbi = bibk for 1 < k,l < n. 
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Thus 

(4) UC= (T(ai, . . . , an)/ (4 = a^a^ + a^ap)) ® Q[62, • • • , &n]- 

This proves the theorem. □ 

The rational cohomology rings for the flag manifolds S0{2n + 1)/T" = Spin{2n + 1)/T", 
S0{2n) /T" = Spin{2n) /T", and Sp{n) /T" (see for example Borel [121 Section 26]) are given by 

H*iS0i2n + l)/r- Q) - H*iSpin)/T-; Q) - Q[m, . . . , . . . , 

H*iS0i2n)/T^; Q) = QK, . . . , m„]/(5+K, . . . , <), 

where Ui is of degree 2 for 1 < z < n. 

By Remark [X2l all the above mentioned complete flag manifolds are formal and therefore their 
minimal Sullivan model is the minimal model for their cohomology algebra with the trivial differ- 
ential. 

Proceeding in the same way as in the previous theorem, we obtain the following results. 

Theorem 3.2. The rational homology ring of the loop space on S0{2n + 1)/T" and Sp{n)/T"- is 
given by 

(5) H.{a(SO{2n + l)/r"); Q) = i/.(Sl(Sp(n)/r»); Q) = 

(T(a,. .... .„)/ ( i;;;-^^ * ^ ( » ® ■ ■ ■ • '"1 

where the generators ai are of degree 1 for 1 < i < n, and the generators bk are of degree Ak — 2 
for 2 < k < n. 

Proof. We give just an outline of the proof as it is similar to the proof of Theorem |3.1[ The minimal 
model for S0{2n + 1)/T" is given by ;U = (AV, d), where 

V = {Ui, ...,Un,Vi,.. .,Vn), 

and deg{uk) = 2, deg(ffc) = 4fc — 1 for 1 < k < n. 
The differential d is given by 

n 

(6) d{uk) = 0, d{vk) = XI for 1 < A; < n. 

1=1 

Therefore the underlying vector space of the homotopy Lie algebra £ of /i is 

L = (ai, . . . ,a„,6i, . . . ,6„) 

where deg(afc) = 1, deg{bk) = Ak — 2 for 1 < k < n, and the quadratic part di of the differential 
d is given by 

n 

di{ui) = Ofor 1 < / < n, di{vi) = ^u^, di{vk) =0 for A; > 2. 

1=1 

The induced Lie brackets on L are equal to 

[ttk, k] = [bk, bi] =0 for 1 < A;, / < n, 

[ofc, ttk] = 2bi for 1 < k < n, 

[Ofc, ai] = for A; 7^ /. 
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This implies the following relations in UjC: 

al = bi for 1 < /c < n, 

akai + aiQk = fork ^ I, 

(ikbi = bittk for 1 < k,l < n, 

bkh — bibk forl<k,l< n. 

The theorem follows now at once knowing that H^{Q{SO{2n + 1) /T") ; Q) ^ UC. □ 

Theorem 3.3. The rational homology ring of the loop space on S0{2n)/T"' for n > 2is given by 

ff.(!J(SO(2n)/r");Q) ^ 

r(a, ....«„)/( i; M / )) ® ^l"^' ■■■•"»-'• ""1 

where the generators a-i are of degree Ifor 1 < i < n, the generators are of degree 4k — 2 for 
2 < k < n — 1, and the generator bn is of degree 2n — 2. 

Proof. To be reader friendly we outline a proof. The minimal model for SO{2n)/T'^ is given by 
jjL — (AV^, d), where 

V = {Ui, . . . ,Un,Vi, . . . , Vn-i, 

and deg(-Ufc) = 2, dcg{vk) =Ak — lfovl<k<n — 1 and deg(v„) — 2n — 1. 
The differential d is given by 

n 

(7) d{uk) = 0, d{vk) = ^ u^'' and (i(u„) =ui---Un. 

i=l 

Hence the underlying vector space of the homotopy Lie algebra £ of // is 

L = (ai, . . . , a„, bi, . . . , fe„_i, 6n) 

where deg(afc) = 1, deg(6fe) = 4/c — 2 for 1 < < n — 1, deg(6n) = 2n — 2, and the quadratic 
part di of the differential d is given by 

n 

di{ui) — Oforl < I <n, di{vi) — ^^uf, di{vk) — for 2 < /c < n. 

i=l 

The induced Lie brackets on L are equal to 

[afe, bi] = 6;] =0 for 1 < A;, Z < n, 

[ttk, ttk] = 2bi for 1 < k < n, 

[Ofe, ai] = fovk^l, 

and thus in 

a\ = bi for 1 < A; < n, 
a^a; + a^afc = for k I, 

dkbi — biQk for 1 < k,l < n, 

bkh — bibk fori <k,l < n. 

Since {n{SO{2n) /T") ; Q) ^ UL, we have proved the theorem. □ 
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In the theorems that follow we compute the rational homology rings of the based loop space 
on the complete flag manifolds of the exceptional Lie groups G2, F4 and Eq. We refer to [O 
and (YY] for the Weyl group invariant polynomials which we use for the descriptions of the rational 
cohomology rings of the complete flag manifolds of these groups. We want also to emphasize that 
the rational, as well as the integral, cohomology rings of the flag manifolds G2/T'^, F^/T^ and 
Eq/T^ are thoroughly discussed in [[TSl . 

Theorem 3.4. The rational homology ring of the loop space on G2/T'^ is given by 

H,{Q{G2/T^)] Q) = (T(ai, a2)/{a^a2 + a2a^ = a\ = 4)) ® 
where degh^ = 10, anddegai = dega2 = 1. 
Proof. Recall that 

H*{G2/T^; Q) = Q[ui,U2, u,]/{Pi, P2, Pg) 
333 
where -Pi = ^ Mi, P2 = = Y^^i ^^'^ degui = degM2 = degu^ = 2. Therefore the 

1=1 i=l i=l 

minimal model is AV = A{ui, U2, fi, ^5) where degvi = 3, degv^ = 11, and the differential d is 

given by d{ui) = d{u2) = 0, d{vi) = 2{ul + ul + U1U2), d{v^) = u\ + u\ + {ui + ^2)^. Thus 

di{ui) = di{u2) = di{v5) = 0, di{vi) = 2{ul + ul + U1U2). 

In the homotopy Lie algebra L = (ai, 02, &i, ^s) the induced commutator relations are given by 

[ai,bj] = fori = 1,2, j = 1,5, [bi,bj] = fori,j = 1,5, [01,02] = 26i, [ai,ai] = [02,02] = 46i. 

Hence the following relations inUC hold: 

aibj — bjtti = for i = 1,2, j = 1, 5, 

bib^ = 6561, 

aia2 + 02(3.1 = 2bi, 

a\ = a\ = 2bi. 

□ 

Theorem 3.5. The rational homology ring of the loop space on Fi/T'^ is given by 

H,.{Q{FJT^)-Q) = 

where deg Oj = 1/or 1 < i < 4, deg 65 = 10, deg 67 = 14, and deg 611 = 22. 
Proof. The rational cohomology algebra of F4/T'^ is 

E\F^IT\ Q) = Q[mi, M2, M3, M4]/(P2, Pe, Ps, P12) 
where deg Ui = 2 for 1 < i < 4, and 

Pk=u\^u\^u\^u\^ ^(±Mi ± M2 ± M3 ± 

for k = 2,6, 8, 12. For degree reasons, the only relevant generator for determining di is 

P2 = 3{u1 + ul + ul + ul). Therefore we have 

V = {ui,U2,U3,U4,V2,Vq,Vs,Vi2), whcrc degffc = 2A; - 1 
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and the quadratic part of d is given by 

di{ui) = for 1 < i < 4, di{vj) = for j = 6, 8, 12, 

and ^1(^2) = 3{ul + ul + ul + ul). 
This determines the homotopy Lie algebra 

L = (ai, a2, 03, 04, bi, 65, 67, bn) 

where deg = 1, deg bi = 2, deg 65 = 10, deg 67 = 14, and deg 611 = 22 with the Lie brackets 
given by 

[ai, bj] = [bi, bj] = for 1 < j < 4 and j, 1^1,5, 7, 11, 
[ai,aj] = fori 7^ j, 

[flj, aj] = 661 for 1 < i < 4. 

This implies that in UC for every possible i and j, ai and bj commute as well as bi and bj does. 
Also the additional relations inUC hold: 

= «2 = '^1 = a1 = 36i, and ajOj + ajai = for i 7^ j. 
The statement of the theorem now follows directly. □ 
Theorem 3.6. The rational homology ring of the loop space on Eq/T^ is given by 

H4n{Ee/T''y,q)^ 

(^r(ai, . . . , as, a)/ ^ f or l<z<5 /) ^^^J' 

where deg = Ifor 1 < i < 5, deg a = 1, an<i deg bj = 2j for j = 4, 5, 7, 8, 11. 
Proof. The rational cohomology of Eq/T^ is 

H*{Ee/T^; Q) ^ Q^, 1^2, 1^3, ^^5, ^6, u]/{Pi, P2, P5, ^6, ^8, P9, P12) 
where deg = 2 for 1 < i < 6, deg u — 2, and 

6 

i=l l<«<j<6 

6 

for k — 2,5, 6, 8, 9, 12, and Pi — Ui. It follows that V — {ui, U2, U3, U4, u^, u, V2, v^, Vq, v^, v^, V12) 

1=1 

and di is determined only by 

P2 = 12(^1 + ...+1*5 + ^ UiUj). 

l<i<j<5 

In a similar fashion as before we obtain that L = {ai, 02- 0,3, a,i, a^, a, bi, 64, b^, 67, feg, fen), where 
deg ai — deg a = I for 1 < i < 5, and deg bj = 2j for j = 1,4,5,7,8,11. The commutators are 

[tti, a] = [ai, bj] — [a, bj] — [bi, bj] = for 1 < i < 5 and j, / = 1, 4, 5, 7, 8, 11, 

[ai, aj] — 1261 for 1 < i, j < 5, i 7^ j, and [ai, a^] = [a, a] = 2Abi for 1 < i < 5. 
The last three commutator relations imply the following relations in UC: 

a^ — a^ — a^ai + aia^ — 12bi for 1 < i,l,k < 5,k ^ I. 

This directly implies the statement of the theorem. □ 
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4. Integral Pontrjagin homology 

In this section we study the integral Pontrjagin ring structure of Vl[G/T), where G is a simple Lie 
group. We make use of the rational homology calculations for Vl{G/T) from the previous section 
and the results from [j3]|, ifTTI and [IT61 on integral homology of the identity component VLqG of the 
loop space on G. Recall that H^iVt^G] Q) is primitively generated for a compact connected Lie 
group G. 

4.1. The integral homology of Vl{SU{n + 1) /T""). 

Theorem 4.1. The integral Pontrjagin homology ring of the loop space on SU{n + 1)/T" is 

H,in{SUin + l)/T^y,Z) ^ 

{T{xi,...,Xn) ® ...,?/„]) / {xl = XpXg + XgXp = 2yiforl < k,p,q < n,p^ q) 

where the generators xi, . . . , x„ are of degree 1, and the generators yi are of degree 2ifor 1 < i < 
n. 

Proof. It is well known that if G is a simply connected Lie group, then n2{G/T) = Z'^™^ and 
TisiG/T) ^ Z. Let 

W: 712 (G/T) ® TT^iG/T) ^ 7r3(G/T) 

denote the pairing given by the Whitehead product. In what follows, we identify Hi (T, Z) with 
iT2{G/T) and H2{^G, Z) with tts^G/T) via natural homomorphisms. Thus since there is no tor- 
sion in homology, and using the rational homology result ([3]), we obtain that there is a split exten- 
sion of algebras 

1 H,{QSU{n + 1); Z) H,{n{SU{n + 1)/T"); Z) H,{T^; Z) 1 

with the extension given by [a, p] = W{a, (3) G H2{nSU{n + 1); Z), where a,l3 e i/i(T"; Z). 

We explain the extension of the algebra in more detail. Notice that there is a monomorphism of 
two split extensions of algebras 

1 H,{QSU{n + 1); Z) H,{Q{SU{n + 1)/T'^); Z) i/,(T"; Z) 1 



1 H.iSlSUin + 1); Q) H,{n{SU{n + 1)/T"); Q) H,{T^; Q) 1. 

Denote by C2, . . . , c„+i the universal transgressive generators in H*{SU (n + 1); Z) which map to 
the symmetric polynomials C2 = X] ^i^j, • • • , Cn+i = Xi - ■ ■ XnXn+i generating H*{BSU {n+ 

l<i<j<n+l 

n+1 

1); Z). The elements xi, . . . , Xn+i are the integral generators of H^:{T"-] Z) and ^ = 0. 

1=1 

Now let j/i, . . . , y„ be the integral generators of H^{ilSU + 1); Z) obtained by the transgression 
of the elements from H^:{SU {n + 1); Z) which are the Poincare duals of C2, . . . , Cn+i- Further, 
the subspace of primitive elements in H^[VLSU{n + 1); Z) is spanned by the elements cti, . . . , o"„ 
which can be expressed in terms of yi, ... ,yn using the Newton formula 

k-l 

(8) ak = Y,i-^y''^k-^y^ + {-lf-'kyk, 1 < k < n. 

1=1 

10 



The integral elements ai, . . . , (T„ rationalise to the elements 61, . . . , 6„ G H^{QSU {n + 1); Q). 
The generators ai, . . . , a„ in H^{T"'; Q) are the rationalised images of the integral generators 
xi, . . . ,x„ in H^{T'^] Z). To decide the integral extension, we consider the rational Pontrjagin 
ring structure ([3]) of Vl{SU (n + 1)/T"). Looking at the above commutative diagram of the algebra 
extensions, we conclude that the integral elements 

XkXi + xiXk — 2(71 for 1 < k,l < n, k ^ I, 

xl — 2(Ti for 1 < /c < n, 

XfcCT/ — aiXk for 2 < k,l < n, 

cTfcO"/ — aia^ for 2 < k,l < n 

from + 1)/T"); Z) map to zero in + l)/r"); Q). As the map between the 

algebra extensions is a monomorphism, we conclude that these integral elements are zero. Using 
that there is no torsion in homology and Newton formula ([8]), we have 

XkXi + xiXk = 2yi for 1 < k,l < n, k I, 

xl = 2yi for 1 < A; < n, 

XkVi - UiXk = for 2 < A;, / < ra, 

VkVi - yiVk = for 2 < k,l <n 

which completely describes the integral Pontrjagin ring of ^l{SU{n + 1)/T") and finishes the 
proof. □ 

4.2. The integral homology of ^](^p(n)/T"). 

Theorem 4.2. The integral Pontrjagin homology ring of the based loop space on Sp{n)/T"- is 

(r(.„.....„)/( ^;.,7 )) y„] 

where the generators xi, . . . ,Xn are of degree 1, and the generators yi are of degree 4i — 2 for 
2<i <n. 

Proof. The proof is analogous to the proof of Theorem 14.11 Denote by Ci, . . . , c„ the univer- 

n 

sal transgressive generators in H*{Sp{n); Z) which map to the generators ci = ^ x^, . . . , = 

1=1 

x\ - ■ -x^^of H*{BSp{n); Z). Let ...,?/„ be the generators in H^{ilSp{n);Z) obtained by the 
transgression of the elements in H^{Sp{n); Z) which are the Poincare duals of Ci, . . . , c^- Recall 
from [31 that the subspace of the primitive elements in H^{nSp{n)] Z) is spanned by the elements 
ai,...,a„ given by 

(9) ak = 5^(-l)*"Vfc_,y, + {-lf-'ky„, l<k<n. 

i=l 

The integral elements ai, . . . , (t„ rationalise to the generators 61, ... , of H^(^lSp{n); Q) given 
in (|5]). The generators ai, . . . , a„ of H^^iT"-; Q) are the rationalised images of the integral genera- 
tors Xl, . . . ,Xn in H^iT"^] Z) . Therefore we conclude that in H^{il(Sp{n) /T'^); Z) the following 
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integral elements are zero: 

XkXi + xiXk — 0"! iox 1 < k,l < n,k ^ I 

x\ — ai for 1 < A; < n 

XfcO"/ — cTiXk for 2 < k,l < n 

o'kCi — (JiCTk for 2 < k,l < n 

Since there is no torsion in homology, going back to Newton formula we obtain the same 
relations between . . . , ?/„ and xi, . . . ,Xn which determine the integral Pontrjagin ring structure 

on Q{Sp{n)/T''). □ 

4.3. The integral homology of Q{S0{2n) /T") and n{S0{2n + 1)/T"). As mentioned before, 
SO{m) is not simply connected and the cohomology of SO{m) and the homology of VlSO{m) 
are not torsion free, namely, they have 2-torsion. Nevertheless, since SO{m)/T = Spin{m)/T, 
where T is a maximal torus, the rational homology calculations enable us to prove the following. 

Theorem 4.3. The integral Pontrjagin homology ring of the based loop space on S0{2n + 1)/T" 
is given by 

H,{Sl{S0{2n + 1)/T"); Z) ^ (T(xi, . . . , a:„) ® Z[yi, . . . , 2|/„, . . . 2|/2n-i]) // 
where I is generated by 

x\ — Hi, xf — xfj^i for \ < i < n — 1 
XkXi + XiXk for k y^l 

yj - 2yi_iyi+i + . . . ± 2y2i for l<i<n-l 

where deg Xi = I for 1 < i < n, deg yi = 2ifor 1 < i < 2n — 1, deg 2yi = 2ifor n < i < 2n — 1, 
andyo = 1. 

Remark 4.1. Before proving Theorem 14.31 let us recall the ring structure of H^(^loSO{2n + 
1);Z). It is proved in [3] that the algebra H^{iloSO{2n + 1);Z) is generated by the classes 
yi, . . . ,yn-i,2yn, . . . , 2?/2n-i which satisfy the relations 

yi - 2yi^iyi+i + 2?/i_2?/i+2 - . . . ± 2y2i = 0forl<i<?2-l 

where degyi = 2i for 1 < i < n — 1, deg2yi = 2i for n < i < 2n — 1, and yo = 1. For 
|-n±i j < i < n — 1, these relations express 2?/2j in terms of yi, . . . , yn-i, '^y-n, ■ ■ ■ , 2?/2j-i and thus 
eliminate 2y2i as generators. For 1 < i < [^^] — 1, the relations above imply new relations on the 
generators y2i, that is, 2?/2i = ^ivf — '^yi-Wi+i + . . . ± 2?/i?/2i-i)- This implies that the elements 
y2i for 1 < z < [^^] — 1 are generators only in the homology of VLQS0{2n + 1) with coefficients 
where 2 is not invertible. Consider the rational elements defined by the recursion formula 

(10) pk — Pk-Wi + . . . ± kyk = for 1 < k < 2n — 1 where po = 1. 

The relations in H^{VLQS0{2n + 1); Z) imply that only pi,P3, . . . ,P2n-i are non zero. Accord- 
ing to [3] the elements pi,P3, . . . ,p2[f]-i! '^P2[^]+i, • • • , 2p2n-i span the subspace of primitive el- 
ements in H^{QoSO{2n + 1);Z). These elements are obtained by transgressing the elements 
in H^{S0{2n + 1);Z) which are the Poincare duals of the universal transgressive generators 
ai, . . . ,an in H*{S0{2n + 1); Z). The generators (Ji, . . . , (j„ map to the symmetric polynomi- 
als ai{xl, . . . , xD for 1 < i < n generating the free part in H*{BS0{2n + 1); Z). In this way we 
see that pi, ps, . . . , 2p2[ii]+i, • • • , 2p2n-i rationalise to the rational generators h-i in H^,{Q.oSO{2n + 
1);Q) (see Theorem [iJil)- 
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Remark 4.2. If we denote the generators of H^:{QoSO{2n + 1); Z) by . . . , yn-i, Vn, ■ ■ ■ , y2n-\, 
then the relations are slightly more complicated and they are given by 

min{i,n—\—i\ i 

+ 2 J2 i-'^)^yi-kyi+k + Yl i-'^)''yi-ky^+k = o 

k=l k=n—i 

where 1 < i < n — 1. 

Proof. Recall that S0{2n + 1)/T" ^ Spin{2n + 1)/T" implying that n{S0{2n + 1)/T'^) ^ 
Q{Spin{2n + l)/r"). It is known that QSpin{2n + 1) = QoSO{2n + 1), see for example 0101 . 
Consider the morphism of two extensions of algebras 

H,{noSO{2n + 1); Z) H,{Q{S0{2n + 1)/T"); Z) //.(T"; Z) 



H,{noSOi2n + 1); Q) H,{n{S0i2n + l)/r"); Q) iJ,(T"; Q). 

By Remark l4~n we have that all the generators 6i, . . . , 6„ of H^(^loSO{2n + 1); Q) are in the 
rationalisation of the integral elements pi, ps, . . . , p2[f ]-i, 2p2[f • • • , 2p2n-i of H^(^loSO{2n + 
1); Z). Since the map between two algebra extensions is a monomorphism, we conclude that in 
H,{n{S0{2n + 1)/T"); Z) the following relations hold 

XkXi + xiXk = Pi for 1 < k,l < n, k ^ I, 

x\= pi for 1 < A; < n, 

a;fcP2Z-i = P2i-iXk for 2 < /c, / < n, 

P2k-iP2i-i = P2i-iP2k-i for 2 < k,l < n 

as these elements map to zero in H^(yt{S0{2n + 1)/T"); Q). Note that pi = yi, which gives that 
yi = x\ in H,{^{S0{2n + 1)/T"); Z). 

The fact that differs this case from the case of SU [n + 1) or Spin) is that these integral el- 
ements pi, . . . ,2p2n-i that map onto rational generators, do not produce all the generators in 
H^(QoSO{2n + 1); Z). Nevertheless, since there is no torsion in homology, we can also deduce 
from the rational homology calculations that there is a split extension of algebras 

1 H,{QoSO{2n + 1); Z) H,{Q{S0{2n + 1)/T"); Z) H,{T- Z) 1. 

We have that y2i-i survive as the generators in H^{n{S0{2n + 1)/T"); Z) for 2 < z < n using the 
relations coming from H^{noSO{2n + 1); Z) and the fact that the integral elements ps, . . . , 2p2n-i 
rationalise to the generators 62? • • • , &n in H^:{^l{S0{2n+ 1)/T"); Q). Therefore, in order to verify 
the above splitting we need to show that the generators y2i for 1 < i < [^^] in H^{QQS0{2n + 
1); Z) survive as generators in H^(^l(S0{2n + 1)/T"); Z). We prove this by induction on i. If y2 
is not a generator in H^(fl{S0{2n + 1)/T"); Z), then it can be expressed as 

n 

y2 OiX-^ ~\- ^ ^ Pi'^i'^i ~t~ ^ ^ '^ij-^i'^i'^j ~1~ ^ ^ ^ijkl'^i'^j'^k'^h 

i=2 '2<i<j<n l<i<j<k<l<n 

where a, Pi,'jij, Sijki are integers. On the other hand, in H^{VLQS0{2n + 1);Z) we have that 
2y2 = yi which translates to 2?/2 = x\ in H^{VL{S0{2n + Z). This implies that (3i = 'jij = 

Sijki = 0, and 2a = 1, which is impossible since a is an integer. In the same way, assuming that 
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y2iiorl<i<k< [^^] are generators in H^{il{S0{2n + 1)/T"); Z), we prove that y2{k+i) is a 
generator as well. If it were not, we would have 

|/2{fc+l) = ayl+l + P{Xl, . . . ,Xn,y2,- ■ ■ , Z/2fc+l) 

where a E Z and P is a polynomial with integer coefficients which does not contain yl^i- On the 

other hand, in the relation 2?/2(fc+i) = ±iyl+i~2ykyk+2 ±2yiy2k+i) in H^{noSO{2n + l); Z), 

when translating to H^,{yt[S0{2n + 1)/T"); Z) we have by the inductive hypothesis that ?/|_,_^ can 
not be eliminated. This implies that the coefficient a satisfies 2a = ±1 which is impossible. 

We are left with a verification of the commutator relations in H^{yL{S0{2n + 1)/T"); Z). Since 
2y2 = x\, we have 2^23^1 = x\xi = Xix\ = 2xiy2, that is, y2Xi = Xiy2. Now by induction on k, 
we prove that ykXj = xjyk for an arbitrary yt- For k odd, relation (flOl) together with the inductive 
hypothesis gives that Xi for 1 < i < n commutes with y^. Let k be even. Since deg?/j is even for 
any i, each monomial in the polynomial P{xi, . . . , x„, y2, ■ ■ ■ , yk-i) = 2?/^ contains even number 
of generators xi, . . . , x„. Using now the inductive hypothesis, we have that every xi commutes 
with P and thus with y^. □ 

Theorem 4.4. The integral Pontrjagin homology ring of the based loop space on S0{2n)/T"- is 
given by 

H,{n{S0{2n)/r');Z) = 

(r(xi, . . . , x„) (g) Z[yi, yn-2, Vn-l + z, yn-1 - z, 2yn, 2y2(n-l)]) / / 
where I is generated by 

x\ — yi, xf — xfj^i for 1 < i < n — 1 
XkXi + XiXk for k^l 

yf - 2yi-iyi+i + 2yi^2yi+2 - . . . ± 2y2i for l<i<n-2 

[yn-l + Z){yn-l - Z) - 2yn^iyn+l + . . . ± 2?/2{n-l) 

where deg Xi = Ifor 1 < i < n, deg y^ = 2ifor 1 < i < n — 2, deg(?/„_i + z) = deg(?/„_i — z) = 
2{n — 1), deg 2yi = 2ifor n < i < 2{n — 1) and y^ = 1. 

Remark 4.3. Recall from |l3l that the algebra H^{yiQS0{2n)]Z) is generated by the elements 

2/1, • • • , yn-2, yn-l + z, yn-l - z, 2?/„, . . . , 2?/2{n-i) wWch Satisfy the relations 

y'^i - 2yi^iyi+i + 2?/i_22/i+2 - . . . ± 2y2i = for 1 < i < n - 2, 

{yn-l + Z){yn-l - Z) - 2yn-iyn+l + . . . ± 2?/2{n-l) = 0. 

As in previous case, these relations eliminate 2y2i as generators for [^^] < i < n — 2, while for 
1 < z < [^] - 1, they induce new relations on y2i implying that y2i are generators only in the 
homology of iloSO{2n) with coefficients where 2 is not invertible. The subspace of primitive ele- 
ments in H^:{iloSO{2n); Z) is spanned by the elements pi,P3, . . ■Pn-2, 2z, 2p„, . . . , 2p2(n-i)-i for 
n odd and by the elements pi,P3, . . . , Pn-i, 2z, 2pn+i, ■ ■ ■ , 2j92{n-2)+i for n even. These primitive 
generators are obtained by transgressing the elements in H^(S0{2n); Z) which are the Poincare 
duals of the universal transgressive generators ai, . . . , (t„_i, A in H*{S0{2n); Z). The generators 
cTi, . . . , A map to the polynomials (Ji{xl, . . . , x^) for 1 < i < n — 1 and A = Xi ■ ■ ■ x„ which 
generate the free part in H*{BS0{2n); Z). 



Proof The proof is analogous to the proof of Theorem 14.31 
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□ 



4.4. The integral homology of n{G2/T^). 

Theorem 4.5. The integral Pontrj agin homology ring ofQ{G2/T^) is given by 

H^{n{G2/T'^);1^) = (T(xi,X2) O ?/2, Z/s]) /(a^i^s + XaXi = xj = xj = 2yi,2y2 = xf), 
where deg xi = dega;2 = 1, deg y2 = 4, and deg = 10. 
Remark 4.4. The integral homology algebra of ilG2 has the following form [[3l: 

H4nG2; Z) = Z[y^, y2, y^]/{2y2 - yl), 
with degyi = 2, deg?/2 = 4, and degys = 10. 
Proof. Consider a morphism of two extensions of algebras 

H,{nG2] Z) H,{n{G2/T^y, Z) H,{T^; Z) 

H,{nG2; Q) H,in{G2/T'y, Q) H,{T^; Q). 

In H^{yLG2] Q) the generators hi and 65 are the rationalisations of the integral elements yi and y^ in 
H^,{VlG2] Z). It follows that the relations between Xi, X2 and between 1/5 in H^(^l(G2/T'^); Z) 
are lifted from the relations on their rationalisations. We further show that there is a split extensions 
of algebras 

1 H,{nG2] Z) H,{n{G2/T^); Z) H,{T^; Z) 1. 

To deduce the splitting above, we use that there is no torsion in the corresponding homologies. We 
first need to show that the generator y2 E H^{VlG2] Z) survives as a generator in H^(n(G2/T'^); Z). 
If it were not, we would have that y2 = olx\ + (ix\x2, and that 2^2 = x\ using the relations in 
if*(f2G2;Z). This would imply that 2a = 1 which is impossible since ol is an integer. Since 
2?/2 = x\ and there is no torsion in homology, using already established relations, we get that y2 
commutes with other generators in H^{Vl{G2/T'^)] Z). □ 

4.5. The integral homology of Vt{FjT^). 

Theorem 4.6. The integral Pontrjagin homology ring offllF^/T"^) is given by 

{T{xi,X2, X3, Xi) ® Z[yi, ?/2, 2/3, 2/5, 2/7, yil]) /I 

where I = {xf = 3yi, 1 < i < 4, XiXj = XjXi, i 7^ j, 2y2 = xf, Sy^ = x\y2), where degXj = 1 
for 1 < i < 4, and deg?/j = 2ifor z = 2, 3, 5, 7, 11. 

Remark 4.5. The integral homology algebra H^i^QF^; Z) is computed in [|T6l and it is given by 

H^iytFi] Z) = Z[yi, y2, 2/3, 2/5, 2/7, 2/ii]/ {vl - 22/2, 2/i2/2 - 32/3). 
Proof. As in the previous cases, we first prove that there is a split extension of algebras 

1 H^iytFi] Z) H,{n{FjT% Z) H,{T^- Z) 1. 

Since there is no torsion in homology, the rational homology calculations for Vl{F4^/T^) gives that 
it is enough to prove that 2/2 and 2/3 survive as generators in H^{Vl{Fi/T^)] Z). If y2 were not 
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4 

a generator in H^{il{F4/T'^);Z), we would have 1/2 = axj + ^ aixfxi + ^ aijxfxiXj + 

/3X1X2X3X4 for some a, , /? G Z. On the other hand, the relation 2y2 = yf from H^{VtFi] Z) 
becomes 2y2 = x\ in H^{n{Fi/T^);Z). This implies that 2a = 1 which is impossible. In the 

similar way we prove that y^ is also a generator in H^(n(F4^/T^); Z). If it were not, we would 

4 

have ys = ax\ + ^ aix\xi + ^ xfxiXj + [3x\x2X3X4^ + 5xf?/2 + X] ^ijXiXjy2- From 

i=2 2<j<j<4 l<«<i<4 

H^iytF/^] Z), we also have that 3|/3 = Xi?/2. This together leads to 35 = 1 which is impossible. □ 
4.6. The integral homology of n{Ee/T^). 

Remark 4.6. The integral homology algebra H^{^lEe; Z) is described in [fTT| and it is given by 

H^iytEQ] Z) = Z[?/i, ?/2, Z/3, 1/4, 1/5, 1/7, 1/8, 1/11]/ (1/? - 2l/2, I/1I/2 - 3?/3) , 

where deg yi = 2i for z = 1, 2, 3, 4, 5, 7, 8, 11. 

Using the same argument as for the previous cases, we deduce the integral Pontrjagin homology 
of the based loop space on Eq/T^. 

Theorem 4.7. The integral Pontrjagin homology ring ofQ{EQ/T^) is given by 

{T{xuX2,Xs,X4,X5,Xq) (g) Z[yi, ^2, 1/3, 1/4, 1/5, 1/7, l/S, l/ll]) 

where I = {x\ = XpXg + XqXp = 12yifor 1 < k,p,q < 6, 2y2 = xf, Sy^ = x\y2) and where 
degXj = 1/or 1 < < 6, and degyi = 2ifor i = 2,3, 4, 5, 7, 8, 11. 
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